The recent release of crustal digital databases, which offer in a global uni ed resolution the structure (geometry) and consistency (density) of a distinct number of layers stretching from the variations of the visible topography and bathymetry (outermost crust) down to the crustmantle boundary, enables the utilization of this information in computing the crustal-induced gravity signal at any arbitrary point in space, thus also at (any) satellite altitude. This provides a exible modelling tool that can be used in the analysis and interpretation of GOCE gradiometric data. More speci cally, through the established forward gravity eld modelling techniques one can relate the computed crustal signal in terms of selected second order derivatives with the corresponding observed signal at GOCE altitude, as this is captured by the gradiometer Level 1b readings. This should permit the band-limited investigation of the observed GOCE signal and hopefully the identi cation of selected spectral ranges with a distinct geophysical relation. The presented analysis leads to the construction of a point wise algorithm, which although tedious and time consuming, provides the evaluation of layer wise crustal contributions at arbitrary space points.
Introduction
The recent availability of global digital databases that describe the geometry and consistency of the Earth's interior, especially its crust, permits the incorporation of this information for the direct reproduction of the induced gravity signal at arbitrary points in space, thus also at satellite altitude. The database used in the frame of the present ongoing research project is CRUST 2.0, a global crustal database at a global 2
• ×2
• resolution. CRUST 2.0 is a global digital crustal database with information concerning density, depth, compressional-and share wave velocities for a number of distinct crustal layers, which is compiled and administrated by the US Geological Survey and the Institute of Geophysics and Planetary Physics at the University of California (Bassin et al. 2000) . (LaFehr, 1983) . Further details and a geometrical insight on the singularities appearing in the analytical expressions for the polyhedral gravity signal can be found in Tsoulis (1999).
V =
The necessary information for the numerical implementation of this formulation to any polyhedral source of constant density is the knowledge (a) of the coordinates of all polyhedral vertices with respect to a local Cartesian coordinate system, with its origin located at the computation point, and (b) the connectivity of these vertices, i.e., the topology information denoting which vertex is connected with which other ones (at least two) in order to de ne the speci c face. Although the minimum number of vertices per polyhedral face equals to three, the algorithm works for any number of coplanar vertices greater than three, in other words the algorithm is applicable to any generally shaped polyhedron, which is one of its main computational assets. The procedure of evaluating Eqs.
(1)-(3) in practice, including all involved algorithmic and geometric issues, is presented in detail in Tsoulis (2012) .
CRUST 2.0 geometric modeling
In order to permit the application of Eqs.
(1)-(3) to the CRUST 2.0 induced crustal masses, and thereby exploit the density lateral changes inherited in the database for each individual layer, one has to somehow create the information for the geometric connectivity of each element at each layer that corresponds to a single density value. Thus, the creation of the topology les is based on the division of each CRUST 2.0 layer into a nite number of single polyhedra. Every polyhedron is built by connecting four neighboring grid points of the upper boundary surface and the corresponding grid points (same ϕ and λ) of the lower boundary surface. The eight polyhedral vertices that are obtained in this manner, express themselves the center points of the corresponding 2
• geographical (ellipsoidal) compartments to which the CRUST 2.0 data refer to.
For the construction of the topology information we use function 'convhulln' in the environment of Matlab 7.0. The result of the application of this particular function is a 3-dimensional triangular convex hull of any given cloud of points. Thus, the fundamental triangulation element is the triangle, in other words every 3 neighboring points are connected with a triangle de ning the corresponding polyhedral planar face. This triangular mesh will be applied even to bigger planar faces, i.e. no face will exist with more than 3 vertices in the nal result. The polyhedron will be represented by means of triangular faces even when 4 grid points might be located in the same planar face. For example, a right rectangular prismatic source de ned by a total of 8 vertices and a total of 6 planar faces will be represented by means of a total of 12 such triangular elements, although for some of the source faces two triangular elements will belong to the one and the same geometric plane. It should be noted at this point that the topology le of any single crustal polyhedron remains unaltered for different computation points of the corresponding gravity induced signal. In such a case only the local Cartesian coordinates of the polyhedral ver-
are changed in terms of their numerical values, due to the change in the origin of the local frame, but this has no effect on the connectivity of the three dimensional source, which remains the same.
Following this procedure, element crustal volumes and their topology were computed for a grid with dimensions 89
• ×179
• for every distinct crustal layer. The basic crustal volume element would be expressed by the prismatic source de ned by four adjacent points of a given CRUST 2.0 boundary surface and the corresponding 4 vertices of the adjacent crustal surface. This prismatic source resembles the one of the right rectangular prism mentioned above with the difference that its corners do not belong strictly to the same plane. Each four vertices of the upper and lower boundary surface of the volume element de ne a polygonal three dimensional mesh, expressed by the single triangular faces, which emerges from the fact that all data are de ned on an ellipsoidal surface in terms of their geodetic coordinates. Thus, four adjacent CRUST 2.0 data points of any layer express merely point values above a common ellipsoidal reference surface. Theoretically, a total of 89*179=15931 polyhedra of this form can be computed for every CRUST 2.0 layer. Thus, their total number for the whole globe and all seven layers would equal to 7·89·179=111517 polyhedra.
However, this total number is not met due to certain numerical discrepancies and model inconsistencies linked to the very numerical and geometrical de nitions of function 'convhulln' .
During the triangulation procedure several special cases occur, when, for reasons related to the creation of the database and its external accuracy, especially over regions with low quality data, the two neighboring surfaces either coincide or intersect. Thus, a number of special cases occur, depending on the number of planes de ning the element polyhedrons. hard sediments. Purple denotes locations where one of the aforementioned polyhedral geometries takes place, in other words locations where the corresponding crustal type exists. Blue on the other hand expresses those locations where the upper and lower boundary surface coincide and thus no three dimensional polyhedral body can be de ned. The blue regions, unlike the purple ones, cannot be utilized in the forward modeling procedure mentioned before of computing the corresponding gravitational effect at arbitrary eld points including at satellite altitude. These plots are representative of the practical meaning of the aforementioned triangulation procedure. The fact, for example that the triangulation algorithm leads to a 'non-construction' of the single polyhedral element implies that for the speci c geographic location no volume element of the corresponding crustal layer can be dened, or equally that the database provides no such information. The graphical representation of this data permits an overall presentation of a very important source of information, namely the exact geographical location and distribution of distinct crustal types across the globe, e.g. ice layer, sedimentary accumulations etc. Tables 1 and 2 face then, depending on the absolute value of (ϕ,λ), the upper and lower vertices of the speci c element might belong to a common, almost perpendicular, plane. This produces a handicap for the convex hull algorithm which cannot produce a volume element out of this particular geometric setting. Through manual cross-checking of all individual cases, where these error messages took place, at the present state we have managed to eliminate all these error occurrences for all seven layers.
Coordinate transformations
Basic relations for the exploitation of the polyhedral formalism are those describing the transformation between the two fundamental coordinate types of relevance to the computations: the Cartesian coordinates, which are the vehicle for the implementation of the analytical expressions for the polyhedral gravity signal and the geodetic coordinates which express the gridded information of CRUST 2.0 database. This coordinate transformation is vital also for the preparatory step of producing the topology information, i.e. the linkage of the individual vertices to produce the polyhedral source, by means of standard 3D meshing algorithms that demand the location of the vertices to be given in terms of their Cartesian triplets, with respect to some reference Cartesian coordinate system. Any eld point including the CRUST 2.0 vertices can be both described in terms of a set of Cartesian coordinates (X , Y , Z ), with respect to a properly de ned origin, and in terms of its so-called geodetic coordinates, the geodetic latitude ϕ, the geodetic longitude λ, and the distance from an adopted ellipsoid of revolution known as ellipsoidal height h. The formulas linking the two systems read
is the radius of curvature of the ellipsoid in the prime vertical plane, e = √ a 2 − b 2 a 2 the rst eccentricity of the ellipsoid and a, b denote the semi-major and semiminor axis of the ellipsoid respectively.
Besides the Earth-xed information, the coordinates need ultimately to be transformed to a local coordinate system as well, the one with the arbitrary computation point as its origin. For this reason, a further transformation is needed from the Earth-xed frame to a local frame, as displayed in Figure 3 . The vectors of the local
, are de ned here as follows:
e 1 is tangent to the corresponding parallel pointing east,ẽ 2 is tangent to the meridian pointing north, whileẽ 3 is collinear with the direction of h and pointing upwards. In the case of the geodetic coordinates the Jacobian matrix J expressing the transformation from the Cartesian baseẽ 0 to the local oneẽ =ẽ 0 J takes the form (Dermanis, 2005) 
In order to complete the identi cation of the two systems, the necessary rotations plus a single translation have to be performed. The translation vector components are simply ∆X , ∆Y and ∆Z which express the quantities by which the axes of the two coordinate systems have to be parallel transferred (after the rotations), so that the corresponding axes coincide with each other.
A rotation of λ+90
• around the Z -axis has to be performed in order to bring the X -axis into a parallel position with respect to the X ′ -axis. Then, a rotation of 90
• -ϕ about the X -axis is necessary to bring both systems in coincidence. Thus, the total rotation matrix
Therefore, the complete transform from geodetic to local Cartesian coordinates consists of Eqs. 
Numerical implementation
Using the updated crustal vertex data, the triangulation algorithm can then be employed to arbitrary space points providing at those points the complete geometrical information, which in this case comprises of the Cartesian coordinates with respect to the eld point and topology for each individual polyhedral crustal element for all CRUST 2.0 layers.
Basic asset of the approach is that it can be applied only point-wise.
Although the topology data referring to the individual crustal layers remain unaltered, an in nitesimal change in the location of the computation point equals a change in the absolute location of the local coordinate system. This in turn has the effect that the coordinate les of all source points de ning the underlying crustal sources have to be computed from scratch, each time a new computation point is considered. The implementation of the geometric modeling of the CRUST 2.0 information, which was described above, leads to the generation of a total of 223034 les, when a single computation point is considered. These work les (topology and vertex coordinates) correspond to about 440 MB of disc space. To a typical layer, e.g. lower crust, correspond a total of 15931 topology record les and 15931 vertex coordinate les (total number of les: 31862, total size on disc: 62,9 MB). The CPU time at a typical 2G RAM and 2 times 1GHz PC varies between 50 and 56 minutes summing up to about 6 hours and 11 minutes for all layers. Although the topology records may be computed only once, it is clear that the methodology is tedious and cumbersome especially when one want to consider a large number of computation points, e.g. forming a regular grid at satellite altitude.
As far as the computation of the pure gravity signal, i.e. the application of the closed formulas (1)-(3) for the gravitational effect of the homogeneous polyhedral source, requires about 1 min of CPU time for a single computation point and a single crustal layer, using cumulatively all lateral density information for the layer and the individual compartment approach, i.e. the triangulation of the layer to single polyedra of constant density de ned from the adjacent vertices and the summation of all these polyhedral gravity contributions to the computation point.
Concluding remarks
The procedure outlined in this paper establishes a spatial interpretation toolbox that can be applied to any Earth gravity model including and especially focused on GOCE. By reproducing selected crustal gravity eld contributions at arbitrary points in space one can assess the corresponding gravity eld observables given either in terms of a set of potential harmonic coefficients or, in the case of GOCE, through the direct observation of Level 1b data. The individual point character of the approach ts well to the point-wise GOCE observation type and enables the realization of one of the initial scienti c goals of the mission, i.e. the coupling of the gradiometer measurements with known structures in the Earth's interior.
Furthermore, the presented algorithmic approach of crustal mass modeling can be extended to other applications in the wider context of gravity eld modeling and interpretation. One characteristic example would be to exploit the crustal contributions in the frame of evaluating the gravitational part in dynamic orbit determination and combine it with the corresponding quantity provided by the incorporation of some known gravity model. The degreewise insertion of the potential coefficients set of the gravity model would permit a more close look to its overall information content and enable the identi cation of characteristic bandwidths.
